Here are my online notes for my Algebra course that | teach here at Lamar University, although |
have to admit that it’s been years since | last taught this course. At this point in my career |
mostly teach Calculus and Differential Equations.

Despite the fact that these are my “class notes”, they should be accessible to anyone wanting to
learn Algebra or needing a refresher for algebra. I’ve tried to make the notes as self contained as
possible and do not reference any book. However, they do assume that you’ve had some
exposure to the basics of algebra at some point prior to this. While there is some review of
exponents, factoring and graphing it is assumed that not a lot of review will be needed to remind
you how these topics work.

Here are a couple of warnings to my students who may be here to get a copy of what happened on
a day that you missed.

1. Because | wanted to make this a fairly complete set of notes for anyone wanting to learn
algebra | have included some material that | do not usually have time to cover in class
and because this changes from semester to semester it is not noted here. You will need to
find one of your fellow class mates to see if there is something in these notes that wasn’t
covered in class.

2. Because | want these notes to provide some more examples for you to read through, |
don’t always work the same problems in class as those given in the notes. Likewise, even
if I do work some of the problems in here | may work fewer problems in class than are
presented here.

3. Sometimes questions in class will lead down paths that are not covered here. 1try to
anticipate as many of the questions as possible in writing these up, but the reality is that |
can’t anticipate all the questions. Sometimes a very good question gets asked in class
that leads to insights that I’ve not included here. You should always talk to someone who
was in class on the day you missed and compare these notes to their notes and see what
the differences are.

4. This is somewhat related to the previous three items, but is important enough to merit its
own item. THESE NOTES ARE NOT A SUBSTITUTE FOR ATTENDING CLASS!
Using these notes as a substitute for class is liable to get you in trouble. As already noted
not everything in these notes is covered in class and often material or insights not in these
notes is covered in class.






Factoring Polynomials

Of all the topics covered in this chapter factoring polynomials is probably the most important
topic. There are many sections in later chapters where the first step will be to factor a
polynomial. So, if you can’t factor the polynomial then you won’t be able to even start the
problem let alone finish it.

Let’s start out by talking a little bit about just what factoring is. Factoring is the process by which
we go about determining what we multiplied to get the given quantity. We do this all the time
with numbers. For instance, here are a variety of ways to factor 12.

2-@2)6)  2-@E)  2-2)2)0)
12 :@(24) 12-(2)(-6)  12-(-2)(2)(-3)

There are many more possible ways to factor 12, but these are representative of many of them.

A common method of factoring numbers is to completely factor the number into positive prime
factors. A prime number is a number whose only positive factors are 1 and itself. For example
2, 3,5, and 7 are all examples of prime numbers. Examples of numbers that aren’t prime are 4, 6,
and 12 to pick a few.

If we completely factor a number into positive prime factors there will only be one way of doing
it. That is the reason for factoring things in this way. For our example above with 12 the

complete factorization is,
12=(2)(2)(3)

Factoring polynomials is done in pretty much the same manner. We determine all the terms that
were multiplied together to get the given polynomial. We then try to factor each of the terms we
found in the first step. This continues until we simply can’t factor anymore. When we can’t do
any more factoring we will say that the polynomial is completely factored.

Here are a couple of examples.
X* =16 =(x+4)(x-4)
This is completely factored since neither of the two factors on the right can be further factored.

Likewise,
X' =16 =(x* +4)(x* - 4)
is not completely factored because the second factor can be further factored. Note that the first
factor is completely factored however. Here is the complete factorization of this polynomial.
X =16 = (X" +4)(x+2)(x-2)

The purpose of this section is to familiarize ourselves with many of the techniques for factoring
polynomials.



Greatest Common Factor

The first method for factoring polynomials will be factoring out the greatest common factor.
When factoring in general this will also be the first thing that we should try as it will often
simplify the problem.

To use this method all that we do is look at all the terms and determine if there is a factor that is
in common to all the terms. If there is, we will factor it out of the polynomial. Also note that in
this case we are really only using the distributive law in reverse. Remember that the distributive
law states that

a(b+c)=ab+ac

In factoring out the greatest common factor we do this in reverse. We notice that each term has
an a in it and so we “factor” it out using the distributive law in reverse as follows,

ab+ac=a(b+c)
Let’s take a look at some examples.

Example 1 Factor out the greatest common factor from each of the following polynomials.
(a) 8x* —4x3+10x* [Solution]
(b) x*y?+3x*y +5x°y® [Solution]
(c) 3x® —9%x* +3x  [Solution]
(d) 9x*(2x+7)—12x(2x+7) [Solution]
Solution
(a) 8x*—4x>+10x°
First we will notice that we can factor a 2 out of every term. Also note that we can factor an x?
out of every term. Here then is the factoring for this problem.

8x* —4x® +10x% = 2x° (4x2 —2x+5)

Note that we can always check our factoring by multiplying the terms back out to make sure we
get the original polynomial.
[Return to Problems]

(b) x*y? +3x"y +5x°y?
In this case we have both x’s and y’s in the terms but that doesn’t change how the process works.
Each term contains and x* and a y so we can factor both of those out. Doing this gives,

X*y? +3x'y +5x°y° = x3y(y +3x+5x2y2)

[Return to Problems]

(c) 3x® —9x* +3x
In this case we can factor a 3x out of every term. Here is the work for this one.
3x° —9x* +3x = 3x(x5 —3x+1)

Notice the “+1” where the 3x originally was in the final term, since the final term was the term we
factored out we needed to remind ourselves that there was a term there originally. To do this we
need the “+1” and notice that it is “+1” instead of “-1” because the term was originally a positive
term. If it had been a negative term originally we would have had to use “-1”.

One of the more common mistakes with these types of factoring problems is to forget this “1”.




Remember that we can always check by multiplying the two back out to make sure we get the
original. To check that the “+1” is required, let’s drop it and then multiply out to see what we
get.

3x(x5 —3x):3x6 —9x? #3x® —9x% +3x

So, without the “+1” we don’t get the original polynomial! Be careful with this. It is easy to get
in a hurry and forget to add a “+1” or “-1” as required when factoring out a complete term.
[Return to Problems]

(d) 9% (2x+7)—12x(2x+7)
This one looks a little odd in comparison to the others. However, it works the same way. There

is a 3x in each term and there is also a 2x + 7 in each term and so that can also be factored out.
Doing the factoring for this problem gives,

OX? (2x+7)—-12x(2x+7)=3x(2x+7)(3x—4)
[Return to Problems]

Factoring By Grouping
This is a method that isn’t used all that often, but when it can be used it can be somewhat useful.
This method is best illustrated with an example or two.

Example 2 Factor by grouping each of the following.

(a) 3x* —2x+12x—8 [Solution]

(b) x°+x—2x*—2 [Solution]

(c) x> —=3x>—2x*+6 [Solution]
Solution
(@) 3x* —2x+12x—8
In this case we group the first two terms and the final two terms as shown here,

(3x* —2x)+(12x-8)
Now, notice that we can factor an x out of the first grouping and a 4 out of the second grouping.
Doing this gives,
3x? —2x+12x—-8=x(3x—2)+4(3x—-2)
We can now see that we can factor out a common factor of 3x —2 so let’s do that to the final
factored form.
3X* —2x+12x—8=(3x—2)(x+4)

And we’re done. That’s all that there is to factoring by grouping. Note again that this will not
always work and sometimes the only way to know if it will work or not is to try it and see what
you get.

[Return to Problems]

(b) X>+x-2x*-2
In this case we will do the same initial step, but this time notice that both of the final two terms
are negative so we’ll factor out a “-” as well when we group them. Doing this gives,

(x5 + x)—(2x4 + 2)
Again, we can always distribute the “-” back through the parenthesis to make sure we get the




original polynomial.
At this point we can see that we can factor an x out of the first term and a 2 out of the second
term. This gives,
X+ x—2x*-2= x(x4 +1)—2(x4 +1)
We now have a common factor that we can factor out to complete the problem.
X+ X—2x' 2= (x4 +1)(x—2)
[Return to Problems]

(c) X°*-3x*-2x*+6

This one also has a “-” in front of the third term as we saw in the last part. However, this time the
fourth term has a “+” in front of it unlike the last part. We will still factor a “-” out when we
group however to make sure that we don’t lose track of it. When we factor the “-” out notice that
we needed to change the “+” on the fourth term to a “-”. Again, you can always check that this
was done correctly by multiplying the “-” back through the parenthsis.

(x5 —3x3)—(2x2 —6)

Now that we’ve done a couple of these we won’t put the remaining details in and we’ll go straight
to the final factoring.

X =3x*—2x* +6=x*(x* -3)-2(x* -3) = (x2 —3)(x3 -2)
[Return to Problems]

Factoring by grouping can be nice, but it doesn’t work all that often. Notice that as we saw in the
last two parts of this example if there is a “-” in front of the third term we will often also factor
that out of the third and fourth terms when we group them.

Factoring Quadratic Polynomials

First, let’s note that quadratic is another term for second degree polynomial. So we know that the
largest exponent in a quadratic polynomial will be a 2. In these problems we will be attempting
to factor quadratic polynomials into two first degree (hence forth linear) polynomials. Until you
become good at these, we usually end up doing these by trial and error although there are a
couple of processes that can make them somewhat easier.

Let’s take a look at some examples.

Example 3 Factor each of the following polynomials.

(@) x*+2x—-15 [Solution]

(b) x* —10x+24 [Solution]

(c) X*+6X+9 [Solution]

(d) x*+5x+1 [Solution]

(e) 3x*+2x—8 [Solution]

(f) 5x* —=17x+6 [Solution]

(g) 4x*> +10x—6 [Solution]




Solution

(a) x> +2x-15

Okay since the first term is x*> we know that the factoring must take the form.
X2 +2x—15=(x+ )(x+ )

We know that it will take this form because when we multiply the two linear terms the first term
must be x? and the only way to get that to show up is to multiply x by x. Therefore, the first term
in each factor must be an x. To finish this we just need to determine the two numbers that need to
go in the blank spots.

We can narrow down the possibilities considerably. Upon multiplying the two factors out these
two numbers will need to multiply out to get -15. In other words these two numbers must be
factors of -15. Here are all the possible ways to factor -15 using only integers.

(D) @O’ (36 B)(H)

Now, we can just plug these in one after another and multiply out until we get the correct pair.
However, there is another trick that we can use here to help us out. The correct pair of numbers
must add to get the coefficient of the x term. So, in this case the third pair of factors will add to
“+2” and so that is the pair we are after.

Here is the factored form of the polynomial.
X’ +2x-15=(x—3)(x+5)

Again, we can always check that we got the correct answer by doing a quick multiplication.

Note that the method we used here will only work if the coefficient of the x* term is one. If it is
anything else this won’t work and we really will be back to trial and error to get the correct
factoring form.

[Return to Problems]

(b) x* —10x+24
Let’s write down the initial form again,

x2—10x+24:(x+ )(x+ )

Now, we need two numbers that multiply to get 24 and add to get -10. It looks like -6 and -4 will
do the trick and so the factored form of this polynomial is,

x* —10x+24 =(x—4)(x—6)

[Return to Problems]

(c) X* +6x+9
Again, let’s start with the initial form,

x2+6x+9:(x+ )(x+ )

This time we need two numbers that multiply to get 9 and add to get 6. In this case 3 and 3 will
be the correct pair of numbers. Don’t forget that the two numbers can be the same number on
occasion as they are here.

Here is the factored form for this polynomial.




xz+6x+9:(x+3)(x+3):(x+3)2

Note as well that we further simplified the factoring to acknowledge that it is a perfect square.

You should always do this when it happens.
[Return to Problems]

(d) x* +5x+1
Once again, here is the initial form,

x2+5x+1=(x+ )(x+ )

Okay, this time we need two numbers that multiply to get 1 and add to get 5. There aren’t two
integers that will do this and so this quadratic doesn’t factor.

This will happen on occasion so don’t get excited about it when it does.

[Return to Problems]

(e) 3x* +2x-8

Okay, we no longer have a coefficient of 1 on the x? term. However we can still make a guess as
to the initial form of the factoring. Since the coefficient of the x? term is a 3 and there are only
two positive factors of 3 there is really only one possibility for the initial form of the factoring.

3x? +2x—8:(3x+_)(x+ )

Since the only way to get a 3x is to multiply a 3x and an x these must be the first two terms.
However, finding the numbers for the two blanks will not be as easy as the previous examples.
We will need to start off with all the factors of -8.

(-1)(8) W8 (2@ (24

At this point the only option is to pick a pair plug them in and see what happens when we
multiply the terms out. Let’s start with the fourth pair. Let’s plug the numbers in and see what
we get.

(3x+2)(x—4)=3x*-10x-8
Well the first and last terms are correct, but then they should be since we’ve picked numbers to

make sure those work out correctly. However, since the middle term isn’t correct this isn’t the
correct factoring of the polynomial.

That doesn’t mean that we guessed wrong however. With the previous parts of this example it
didn’t matter which blank got which number. This time it does. Let’s flip the order and see what
we get.

(3x—4)(x+2)=3x*+2x-8

So, we got it. We did guess correctly the first time we just put them into the wrong spot.

So, in these problems don’t forget to check both places for each pair to see if either will work.
[Return to Problems]

(f) 5x* —17x+6
Again the coefficient of the x* term has only two positive factors so we’ve only got one possible




initial form.
5X* ~17x+6=(5x+ _)(x+ )

Next we need all the factors of 6. Here they are.

(2)(6) (-1)(-6)  (2)(3) (-2)(-3)
Don’t forget the negative factors. They are often the ones that we want. In fact, upon noticing
that the coefficient of the x is negative we can be assured that we will need one of the two pairs of
negative factors since that will be the only way we will get negative coefficient there. With
some trial and error we can get that the factoring of this polynomial is,

5x* —17x+6=(5x—2)(x-3)
[Return to Problems]

(g) 4x* +10x—6

In this final step we’ve got a harder problem here. The coefficient of the x* term now has more
than one pair of positive factors. This means that the initial form must be one of the following
possibilities.

4x° +10x-6=(4x+ _)(x+ )

4% +10x-6=(2x+ _)(2x+ )

To fill in the blanks we will need all the factors of -6. Here they are,

D) @O (2B (23

With some trial and error we can find that the correct factoring of this polynomial is,
4x* +10x -6 =(2x—-1)(2x+6)

Note as well that in the trial and error phase we need to make sure and plug each pair into both
possible forms and in both possible orderings to correctly determine if it is the correct pair of
factors or not.

We can actually go one more step here and factor a 2 out of the second term if we’d like to. This
gives,
4x* +10x—6=2(2x-1)(x+3)

This is important because we could also have factored this as,

4%* +10X -6 =(4x—2)(x+3)
which, on the surface, appears to be different from the first form given above. However, in this
case we can factor a 2 out of the first term to get,

4x* +10x -6 =2(2x—1)(x+3)

This is exactly what we got the first time and so we really do have the same factored form of this

polynomial.
[Return to Problems]




Special Forms
There are some nice special forms of some polynomials that can make factoring easier for us on
occasion. Here are the special forms.

Let’s work some examples with these.

Example 4 Factor each of the following.

(a) x*—20x+100 [Solution]
(b) 25x* =9 [Solution]
(c) 8x*+1 [Solution]
Solution
(a) x*—20x+100
In this case we’ve got three terms and it’s a quadratic polynomial. Notice as well that the
constant is a perfect square and its square root is 10. Notice as well that 2(10)=20 and this is the

coefficient of the x term. So, it looks like we’ve got the second special form above. The correct
factoring of this polynomial is,

x? —20%+100 = (x—10)°

To be honest, it might have been easier to just use the general process for factoring quadratic
polynomials in this case rather than checking that it was one of the special forms, but we did need
to see one of them worked.

[Return to Problems]

(b) 25x* -9
In this case all that we need to notice is that we’ve got a difference of perfect squares,
25x2 -9 =(5x)" - (3)’
So, this must be the third special form above. Here is the correct factoring for this polynomial.
25x* -9 =(5x+3)(5x—3)

[Return to Problems]

(c) 8x3+1
This problem is the sum of two perfect cubes,
8x*+1= (2x)3 + (1)3
and so we know that it is the fourth special form from above. Here is the factoring for this
polynomial.
8X° +1=(2x+1)(4x* - 2x +1)

[Return to Problems]




Do not make the following factoring mistake!
a’ +b? ;«rs(a+b)2
This just simply isn’t true for the vast majority of sums of squares, so be careful not to make this

very common mistake. There are rare cases where this can be done, but none of those special
cases will be seen here.

Factoring Polynomials with Degree Greater than 2
There is no one method for doing these in general. However, there are some that we can do so
let’s take a look at a couple of examples.

Example 5 Factor each of the following.
(a) 3x* —3x>—36x* [Solution]
(b) x* =25 [Solution]
(c) x*+x*—20 [Solution]
Solution
(a) 3x* —3x> -36x°
In this case let’s notice that we can factor out a common factor of 3x? from all the terms so let’s
do that first.

3x" —3x° ~36x° = 3x* (x* —x—12)
What is left is a quadratic that we can use the techniques from above to factor. Doing this gives
us,

3x* —3x* —36x* =3x"(x—4)(x+3)

Don’t forget that the FIRST step to factoring should always be to factor out the greatest common
factor. This can only help the process.
[Return to Problems]

4
'(th)er); is 505 greatest common factor here. However, notice that this is the difference of two
perfect squares.
X —25=(x’ )2 ~(5)’
So, we can use the third special form from above.
X' —25=(x"+5)(x* -5)

Neither of these can be further factored and so we are done. Note however, that often we will
need to do some further factoring at this stage.
[Return to Problems]

() x*+x*-20

Let’s start this off by working a factoring a different polynomial.
u*+u-20=(u-4)(u+5)

We used a different variable here since we’d already used x’s for the original polynomial.




2
So, why did we work this? Well notice that if we let u =X’ then u® = (xz) =x*. We can then

rewrite the original polynomial in terms of u’s as follows,

x*+x*=20=u’*+u-20
and we know how to factor this! So factor the polynomial in u’s then back substitute using the
fact that we know u = x°.

X' +x*-20=u*+u-20
=(u-4)(u+5)
:(x2—4)(x2+5)

Finally, notice that the first term will also factor since it is the difference of two perfect squares.
The correct factoring of this polynomial is then,

x“+x2—20=(x—2)(x+2)(x2+5)

Note that this converting to u first can be useful on occasion, however once you get used to these

this is usually done in our heads.
[Return to Problems]

We did not do a lot of problems here and we didn’t cover all the possibilities. However, we did
cover some of the most common techniques that we are liable to run into in the other chapters of
this work.
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